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Delft University of Technology, P.O. Box 5048, 2600 GA Delft, The Netherlands
SUMMARY
In seismic monitoring one is usually interested in the response of a changing target zone, embedded
in a static inhomogeneous medium. We introduce an efficient method which predicts reflection
responses at the earth’s surface for different target-zone scenarios, from a single reflection response
at the surface and a model of the changing target zone. The proposed process consists of two
main steps. In the first step, the response of the original target zone is removed from the reflection
response, using the Marchenko method. In the second step, the modelled response of a new target
zone is inserted between the overburden and underburden responses. The method fully accounts for
all orders of multiple scattering and, in the elastodynamic case, for wave conversion. For monitoring
purposes, only the second step needs to be repeated for each target-zone model. Since the target
zone covers only a small part of the entire medium, the proposed method is much more efficient
than repeated modelling of the entire reflection response.
Key words: Marchenko imaging, one-way reciprocity theorems, target zone, multiple scatter-
ing.
1 INTRODUCTION
In seismic modelling, inversion and monitoring one is often interested in the response of a
relatively small target zone, embedded in a larger inhomogeneous medium. Yet, to obtain the
seismic response of a deep target at the earth’s surface, the entire medium enclosing the target
should be involved in the modelling process. This may become very inefficient when different
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scenarios for the target zone need to be evaluated, or when a target that changes over time
needs to be monitored. Through the years, several efficient methods have been developed for
modelling successive responses of a medium in which the parameters change only in a target
zone. Robertsson & Chapman (2000) address this problem with the following approach. First
they model the wave field in the full medium, define a boundary around the target zone in
which the changes take place, and evaluate the field at this boundary. Next, they numerically
inject this field from the same boundary into different models of the target zone. Because
the target zone usually covers only a small part of the full medium, this injection process
takes only a fraction of the time that would be needed to model the field in the full medium.
This method is very well suited to model different time-lapse scenarios of, say, a producing
reservoir in an efficient way. A limitation of the method is that multiple scattering between
the changed target and the embedding medium is not taken into account. The method was
adapted by van Manen et al. (2007) to account for this type of interaction, by modifying the
field at the boundary around the changed target at every time-step of the simulation. Wave
field injection methods are not only useful for efficient numerical modelling of wave fields in a
changing target zone, they can also be used to physically inject a field from a large numerical
environment into a finite-size physical model (Vasmel et al. 2013).
Instead of numerically modelling the field at the boundary enclosing the target, Elison et al.
(2016) propose to use the Marchenko method to derive this field from reflection data at the
surface. Hence, to obtain the wave field in a changing target zone, they need a measured
reflection response at the surface of the original medium and a model of the target. Their
method exploits an attractive property of the Marchenko method, namely that “redatumed”
reflection responses of a target zone from above (R∪) and from below (R∩) can both be ob-
tained from single-sided reflection data at the surface and an estimate of the direct arrivals
between the surface and the target zone (Wapenaar et al. 2014).
In most of the methods discussed above, the wave fields are derived inside the changing
target. Here we discuss a method which predicts reflection responses (including all multiples)
at the earth’s surface for different target-zone scenarios, from a single reflection response
at the surface (which can be either numerically modeled or measured data, depending on
the application) and a model of the changing target zone. The proposed method, which we
call “target replacement” consists of two main steps. In the first step, which is analogous to
the method proposed by Elison et al. (2016), we use the Marchenko method to remove the
response of the target zone from the original reflection response. In the second step we insert
the response of a new target zone, yielding the desired reflection response at the surface for
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Figure 1. Subdivision of the inhomogeneous subsurface into three units: an overburden (unit a), a
target zone (unit b) and an underburden (unit c). Note that unit a includes the earth’s surface just
above S0. The earth’s surface may be considered either as a free or as a transparent surface.
the particular target-zone scenario. Both steps fully account for multiple scattering between
the target and the embedding medium. Note that, to model different reflection responses for
different target models, only the second step needs to be repeated. Hence, this process is
particularly efficient when reflection responses at the surface are needed for many target-zone
scenarios.
The setup of this paper is as follows. In section 2 we derive a representation of the seismic
reflection response at the earth’s surface (including all orders of multiple scattering), which
explicitly distinguishes between the response of the target zone and that of the embedding
medium. Next, based on this representation, in section 3 we discuss how to remove the response
of the target zone from the reflection response at the surface. In section 4 we discuss how the
response of a changed target zone can be inserted into the reflection response at the surface.
The proposed method is illustrated with a numerical example in section 5 and conclusions are
given in section 6.
2 REPRESENTATION OF THE REFLECTION RESPONSE
We derive a representation for the reflection response at the earth’s surface, which distin-
guishes between the response of the target zone and that of the embedding medium. We start
4 Kees Wapenaar
by dividing the subsurface into three units. The first unit, indicated as unit a in Figure 1,
covers the region between the earth’s surface and boundary S1, the latter defining the upper
boundary of the target zone. The earth’s surface (indicated by the solid line) may be con-
sidered either as a free or as a transparent surface (the latter after surface-related multiple
elimination). The earth’s surface is included in unit a. A transparent boundary S0 (indicated
by the upper dashed line) is defined at an infinitesimal distance below the earth’s surface (in
the following we abbreviate “an infinitesimal distance above/below” as “just above/below”).
Unit a, i.e., the region above the target zone, is called the overburden. The second unit, in-
dicated as unit b in Figure 1, represents the target zone and is enclosed by boundaries S1
and S2. The third unit, indicated as unit c in Figure 1, represents the region below the lower
boundary of the target zone, S2. Unit c, i.e., the region below the target zone, is called the
underburden.
We assume that the media inside the units are arbitrary inhomogeneous, lossless media.
Furthermore, we assume that the boundaries S1 and S2 do not coincide with interfaces, or in
other words, we consider these boundaries to be transparent for downgoing and upgoing waves
incident to these boundaries. The representation derived below could be extended to account
for scattering at these boundaries, but that would go at the cost of clarity. By allowing some
flexibility in the definition of the target zone, it will often be possible to choose boundaries
S1 and S2 that are (close to) transparent.
The starting point for the derivation of the representation and the target replacement
method is formed by the following one-way reciprocity theorems in the space-frequency domain
∫
Sm
{(p+A)
tp−B − (p
−
A)
tp+B}dx =
∫
Sn
{(p+A)
tp−B − (p
−
A)
tp+B}dx (1)
and
∫
Sm
{(p+A)
†p+B − (p
−
A)
†p−B}dx =
∫
Sn
{(p+A)
†p+B − (p
−
A)
†p−B}dx (2)
(Wapenaar & Grimbergen 1996). Here Sm and Sn can each stand for any of the boundaries
S0, S1 and S2. Subscripts A and B refer to two independent states. Superscripts + and
− stand for downward and upward propagation, respectively. Superscript t in equation (1)
denotes transposition and superscript † in equation (2) denotes transposition and complex
conjugation. The vectors p±A and p
±
B represent flux-normalised one-way wave fields in states
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A and B. For the elastodynamic situation they are defined as
p±A(x, ω) =


Φ±A
Ψ±A
Υ±A

(x, ω), p±B(x, ω) =


Φ±B
Ψ±B
Υ±B

(x, ω), (3)
where Φ±A,B, Ψ
±
A,B and Υ
±
A,B represent P , S1 and S2 waves, respectively. For the acoustic
situation p±A(x, ω) and p
±
B(x, ω) reduce to scalar functions. The Cartesian coordinate vector x
is defined as x = (x1, x2, x3) (the x3-axis pointing downward) and ω denotes angular frequency.
An underlying assumption for both reciprocity theorems is that the medium parameters in
states A and B are identical in the domain enclosed by boundaries Sm and Sn. Outside this
domain the medium parameters in state A may be different from those in state B, a property
that we will make frequently use of throughout this paper. Another assumption is that there
are no sources between Sm and Sn. Finally, an assumption that holds specifically for equation
(2) is that evanescent waves are neglected at boundaries Sm and Sn. For a more detailed
discussion of these one-way reciprocity theorems, including their extensions for the situation
that the domain between Sm and Sn contains sources and the medium parameters in the two
states are different in this domain, see Wapenaar & Grimbergen (1996).
In the following derivations, equations (1) and (2) will frequently be applied, each time
to a combination of independent wave states in two media that are identical in the domain
between Sm and Sn. Figure 2 shows six media that will be used in different combinations.
Media a, b and c in the left column contain the units a (the overburden), b (the target zone)
and c (the underburden) of the actual medium, each embedded in a homogeneous background.
The grey areas indicate the inhomogeneous units (as depicted in Figure 1), whereas the white
areas represent the homogeneous embedding. Reflection responses from above and from below
are denoted by R∪ and R∩, respectively, and the transmission responses by T+ and T−.
The subscripts a, b and c refer to the units to which these responses belong. The rays are
simplifications of the actual responses, which contain all orders of multiple scattering and,
in the elastodynamic case, mode conversion. When the earth’s surface just above S0 is a
free surface, then the responses in unit a also include multiple scattering related to the free
surface. Media A, B and C in the right column in Figure 2 consist of one to three units, as
indicated (note that medium A is identical to medium a, whereas medium C represents the
entire medium). The reflection and transmission responses are indicated by capital subscripts
A, B and C. In addition, the Green’s functions G+,+ and G−,+ in these media between S0
and the top boundary of the deepest unit are shown (the superscripts will be explained later).
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Figure 2. Six media with their responses. Grey areas represent the inhomogeneous units (and combi-
nations thereof) of Figure 1. Media A (=a), B and C include the earth’s surface just above S0, which
may be considered either as a free or as a transparent surface. The rays stand for the full responses,
including all orders of multiple scattering and, in the elastodynamic case, mode conversion.
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Again, all responses contain all orders of multiple scattering (and mode conversion), including
surface-related multiples when there is a free surface just above S0.
Table 1: Quantities to derive a representation for R∪B.
State A: State B:
Medium A Medium B
Source at xR just above S0 Source at xS just above S0
S0 p
+
A(x, ω)→ Iδ(xH − xH,R) p
+
B(x, ω)→ Iδ(xH − xH,S)
+r∩R∪A(x,xR, ω) +r
∩R∪B(x,xS , ω)
p−A(x, ω)→ R
∪
A(x,xR, ω) p
−
B(x, ω)→ R
∪
B(x,xS , ω)
S1 p
+
A(x, ω)→ T
+
A(x,xR, ω) p
+
B(x, ω)→ G
+,+
B (x,xS , ω)
p−A(x, ω)→ O p
−
B(x, ω)→ G
−,+
B (x,xS , ω)
Our aim is to derive a representation for the reflection response of the entire medium,
R∪C , in terms of the reflection responses of media A (= a), b and c. We start by deriving a
representation for R∪B in terms of the reflection responses of media A and b. To this end, we
substitute the quantities of Table 1 into equation (1). Let us first discuss these quantities one
by one. In state B, the downgoing and upgoing fields in medium B for x at S1 are given by
p±B(x, ω)→ G
±,+
B (x,xS , ω). (4)
Here G±,+B (x,xS , ω) is the Green’s one-way wave field matrix in medium B in the space-
frequency domain (Wapenaar 1996). The source is at xS , which is chosen just above S0. The
second superscript + indicates that this source is downward radiating. The receiver is at
x at S1. The first superscript ± indicates the propagation direction at the receiver (+ for
downgoing and − for upgoing). Analogous to equation (3), the general Green’s one-way wave
field matrix can for the elastodynamic situation be written as
G±,±(x,x′, ω) =


G
±,±
φ,φ G
±,±
φ,ψ G
±,±
φ,υ
G
±,±
ψ,φ G
±,±
ψ,ψ G
±,±
ψ,υ
G
±,±
υ,φ G
±,±
υ,ψ G
±,±
υ,υ

(x,x′, ω). (5)
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Each column corresponds to a specific type of source at x′ and each row to a specific type of
receiver at x (where subscripts φ, ψ and υ refer to flux-normalised P , S1 and S2 waves, respec-
tively). For the acoustic situation G±,±(x,x′, ω) reduces to a scalar function. The following
reciprocity relations hold for the general Green’s matrix
G−,+(x′,x, ω) = {G−,+(x,x′, ω)}t, (6)
G+,−(x′,x, ω) = {G+,−(x,x′, ω)}t, (7)
G−,−(x′,x, ω) = −{G+,+(x,x′, ω)}t, (8)
(Haines 1988; Kennett et al. 1990; Wapenaar 1996). In state B, the upgoing field for x at S0
in Table 1 is given by
p−B(x, ω)→ G
−,+
B (x,xS , ω) = R
∪
B(x,xS , ω). (9)
Note that G−,+(x,x′, ω) represents a reflection response from above, denoted by R∪(x,x′, ω),
whenever the source and receiver are situated at (or just above) the same depth level. From
equations (6) and (9) we find
R∪(x′,x, ω) = {R∪(x,x′, ω)}t. (10)
Similarly, G+,−(x,x′, ω) represents a reflection response from below, denoted by R∩(x,x′, ω),
whenever the source and receiver are situated at (or just below) the same depth level. From
equations (7) and (9) we find
R∩(x′,x, ω) = {R∩(x,x′, ω)}t. (11)
In state B, the downgoing field for x at S0 in Table 1 is given by
p+B(x, ω) → G
+,+
B (x,xS , ω) (12)
= Iδ(xH − xH,S) + r
∩R∪B(x,xS , ω).
Since xS was chosen just above S0, the direct contribution of the flux-normalised Green’s
matrixG+,+B (x,xS , ω) consists of a spatial delta function δ(xH−xH,S), with xH = (x1, x2) and
xH,S = (x1,S , x2,S), hence, the singularity occurs at the lateral position of the source. This delta
function is multiplied by I, which is a 3 × 3 identity matrix for the elastodynamic situation,
to acknowledge the matrix character of G+,+B (x,xS , ω), as defined in equation (5). For the
acoustic situation I = 1. The second term in equation (12), r∩R∪B(x,xS , ω), accounts for the
earth’s surface just above S0. Here r
∩ is the reflection operator of the earth’s surface from
below. It turns the reflection responseR∪B(x,xS , ω) into a downgoing field which, according to
equation (12), is added to the direct downgoing field. When the earth’s surface is transparent,
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we may simply set r∩ = O, where O is a 3×3 zero matrix for the elastodynamic situation and
O = 0 for the acoustic situation. When the earth’s surface is a free surface, r∩ is a pseudo-
differential operator for the elastodynamic situation. We introduce its transposed, {r∩}t, and
adjoint, {r∩}†, via the following integral relations
∫
S0
{r∩f(x)}tg(x)dx =
∫
S0
{f(x)}t{r∩}tg(x)dx (13)
and ∫
S0
{r∩f(x)}†g(x)dx =
∫
S0
{f(x)}†{r∩}†g(x)dx, (14)
respectively. The following properties hold (Kennett et al. 1990; Wapenaar et al. 2004)
{r∩}t = r∩, (15)
{r∩}†r∩ = I. (16)
For the acoustic situation we simply have r∩ = −1.
In state A, the downgoing field in medium A for x at S1 in Table 1 is given by
p+A(x, ω)→ G
+,+
A (x,xR, ω) = T
+
A(x,xR, ω). (17)
This time the source is at xR, again just above S0. The receiver is at x at S1. Note that
G+,+(x,x′, ω) represents a downgoing transmission response, denoted by T+(x,x′, ω), when-
ever the source and receiver are situated above and below an inhomogeneous slab. Similarly,
G−,−(x′,x, ω) represents an upgoing transmission response, denoted by −T−(x′,x, ω) (note
the minus sign), whenever the source and receiver are situated below and above an inhomo-
geneous slab. From equation (8) we find
T−(x′,x, ω) = {T+(x,x′, ω)}t. (18)
In state A, the upgoing field for x at S1 in Table 1 is zero because medium A is homogeneous
below S1. The downgoing and upgoing fields in state A for x at S0 are defined in a similar
way as in state B.
Now that we have discussed all quantities in Table 1, we substitute them into equation
(1). Despite the different media (medium A in state A and medium B in state B), this is
justified, because between S0 and S1 these media are the same in both states (see Figure 2).
Here and in the remainder of this paper, the operator r∩ is the same in both states (zero and
thus obeying equation (15) when the earth’s surface is considered transparent, or non-zero
and obeying equations (15) and (16) when the earth’s surface is considered a free surface).
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Using equations (10), (13), (15) and (18), setting m = 0 and n = 1 in equation (1), we obtain
R∪B(xR,xS , ω) = R
∪
A(xR,xS , ω) (19)
+
∫
S1
T−A(xR,x, ω)G
−,+
B (x,xS , ω)dx,
for xS and xR just above S0.
Table 2: Quantities to derive a representation for G−,+B .
State A: State B:
Medium b Medium B
Source at x′ just above S1 Source at xS just above S0
S1 p
+
A(x, ω)→ Iδ(xH − x
′
H) p
+
B(x, ω)→ G
+,+
B (x,xS , ω)
p−A(x, ω)→ R
∪
b (x,x
′, ω) p−B(x, ω)→ G
−,+
B (x,xS , ω)
S2 p
+
A(x, ω)→ T
+
b (x,x
′, ω) p+B(x, ω)→ T
+
B(x,xS , ω)
p−A(x, ω)→ O p
−
B(x, ω)→ O
Next, we derive a representation for G−,+B (x,xS , ω) in equation (19). Substituting the
quantities of Table 2 into equation (1), using equation (10) and setting m = 1 and n = 2,
gives
G
−,+
B (x
′,xS , ω) =
∫
S1
R∪b (x
′,x, ω)G+,+B (x,xS , ω)dx, (20)
for xS just above S0 and x
′ just above S1. Because S1 is transparent (i.e., it does not coincide
with an interface), equation (20) does not alter if we take x′ at S1 instead of just above it.
Thus, taking x′ at S1, substituting equation (20) into equation (19) (with x in equation (19)
replaced by x′), we obtain
R∪B(xR,xS , ω) = R
∪
A(xR,xS , ω) (21)
+
∫
S1
∫
S1
T−A(xR,x
′, ω)R∪b (x
′,x, ω)G+,+B (x,xS , ω)dxdx
′,
for xS and xR just above S0. This is the sought representation for R
∪
B . In a similar way we
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Figure 3. Visualization of the second an third term in the representation of equation (23).
find the following representation for R∪C
R∪C(xR,xS , ω) = R
∪
B(xR,xS , ω) (22)
+
∫
S2
∫
S2
T−B(xR,x
′, ω)R∪c (x
′,x, ω)G+,+C (x,xS , ω)dxdx
′,
or, upon substitution of equation (21),
R∪C(xR,xS , ω) = R
∪
A(xR,xS , ω) (23)
+
∫
S1
∫
S1
T−A(xR,x
′, ω)R∪b (x
′,x, ω)G+,+B (x,xS , ω)dxdx
′
+
∫
S2
∫
S2
T−B(xR,x
′, ω)R∪c (x
′,x, ω)G+,+C (x,xS , ω)dxdx
′,
for xS and xR just above S0. The first term on the right-hand side is the reflection response
of the overburden (Figure 2, medium A (= a)). The second and third terms on the right-hand
side contain the reflection responses of the target zone and the underburden (media b and c
in Figure 2). These terms are visualised in Figure 3.
Note that when the subsurface would be divided into more and thinner units, the recursive
derivation process could be continued, leading to additional terms on the right-hand side of
equation (23). In the limiting case (for infinitesimally thin units), the reflection responses under
the integrals could be replaced by local reflection operators, the Green’s functions G+,+ by
transmission responsesT+, and the sum in the right-hand side would become an integral along
the depth coordinate. The resulting expression would be the so-called “generalised primary
representation” (Hubral et al. 1980; Resnick et al. 1986; Fishman et al. 1987; Wapenaar 1996;
Haines & de Hoop 1996).
The representation of equation (23) is not meant as a recipe for numerical modelling.
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∩
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−
A
Figure 4. Left: overburden and underburden responses, obtained from the reflection response R∪C ,
using the Marchenko method. Right: modelled responses of the new target zone, to be inserted between
the overburden and underburden responses.
However, it is a suited starting point for the derivation of a scheme for target replacement.
In equation (23), R∪b (x
′,x, ω) represents the reflection response from above of the target zone
(unit b in Figure 1). Let R∪
b¯
(x′,x, ω) denote the reflection response of a changed target zone
(the change is indicated by the subscript b¯). The reflection response of the entire medium,
with the changed target zone, is given by the following representation
R∪
C¯
(xR,xS , ω) = R
∪
A(xR,xS , ω) (24)
+
∫
S1
∫
S1
T−A(xR,x
′, ω)R∪
b¯
(x′,x, ω)G+,+
B¯
(x,xS , ω)dxdx
′
+
∫
S2
∫
S2
T−
B¯
(xR,x
′, ω)R∪c (x
′,x, ω)G+,+
C¯
(x,xS , ω)dxdx
′.
Here it is assumed that the overburden and underburden are unchanged. Nevertheless, apart
from the reflection response of the target zone, some other quantities on the right-hand side of
this equation are also influenced by the changes in the target zone. This is indicated by the bars
on several of the subscripts. In the following two sections we discuss the target replacement in
detail. First, in section 3 we discuss the removal of the target zone response from the original
reflection response R∪C(xR,xS , ω). Next, in section 4 we discuss how to insert the response of
the changed target into the new reflection response R∪
C¯
(xR,xS , ω).
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Figure 5. Focusing functions F±
1,A(x,x
′, ω) and F±
2,A(x,x
′, ω) in medium A. The rays stand for the
full focusing functions, including all orders of multiple scattering and, in the elastodynamic case, mode
conversion.
3 REMOVING THE TARGET ZONE FROM THE ORIGINAL
REFLECTION RESPONSE
Given the reflection response of the entire medium, R∪C , our aim is to resolve the responses
of the media A (= a) and c (i.e., the overburden and underburden, Figure 4). When R∪C
contained only primary P -wave reflections, we could apply simple time-windowing in the time
domain to separate the reflection responses of the different units. However, because of multiple
scattering (possibly including surface-related multiples) and wave conversion, the responses
of the different units overlap and cannot be straightforwardly separated by time-windowing.
Here we show that so-called “focusing functions”, recently introduced for Marchenko imaging
(Wapenaar et al. 2013; Slob et al. 2014) can be used to obtain the responses of media A (=
a) and c.
We start by defining the focusing function F+
1,A(x,x
′, ω) in medium A, with or without
free surface just above S0 (Figure 5). Here x
′ defines a focal point at boundary S1, i.e., the
lower boundary of unit a. Hence, x′ = (x′1, x
′
2, x3,1), with x3,1 denoting the depth of S1. The
coordinate x is a variable in medium A. The superscript + refers to the propagation direction
at x (which is downgoing in this case). The focusing function is emitted from all x at S0 into
medium A. Due to scattering in the inhomogeneous medium and, possibly, at the free surface,
it gives rise to an upgoing function F−
1,A(x,x
′, ω). The focusing conditions for x at S1 can be
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formulated as
{F+
1,A(x,x
′, ω)}x3=x3,1 = Iδ(xH − x
′
H), (25)
{F−
1,A(x,x
′, ω)}x3=x3,1 = O, (26)
with x′
H
= (x′1, x
′
2). Equation (25) defines the convergence of F
+
1,A(x,x
′, ω) to the focal point
x′ at S1, whereas equation (26) states that the focusing function contains no upward scattered
components at S1, because for medium A the half-space below this boundary is homogeneous.
In practical situations evanescent waves are neglected to avoid instability of the focusing
function, hence, the delta function in equation (25) should be interpreted as a band-limited
spatial impulse.
The focusing functions F+
1,A(x,x
′, ω) and F−
1,A(x,x
′, ω) for x at S0 and x
′ at S1 can be
obtained from the reflection response R∪C(xR,x, ω) for xR just above S0, using the Marchenko
method. We only outline the main features. In Appendix A1 the following relations between
R∪C(xR,x, ω), F
±
1,A(x,x
′, ω) and G±,+C (x
′,xR, ω) are derived
{G−,+C (x
′,xR, ω)}
t + F−
1,A(xR,x
′, ω)
=
∫
S0
R∪C(xR,x, ω)F
+
1,A(x,x
′, ω)dx, (27)
and
{G+,+C (x
′,xR, ω)}
t − {F+
1,A(xR,x
′, ω)}∗
= −
∫
S0
R∪C(xR,x, ω){F
−
1,A(x,x
′, ω)}∗dx, (28)
(with xR just above S0 and x
′ at S1) for the situation that the earth’s surface is transparent.
For the acoustic case these equations can be solved for F+
1,A(x,x
′, ω) and F−
1,A(x,x
′, ω) using
the multidimensional Marchenko method (Wapenaar et al. 2014; Slob et al. 2014; van der Neut et al.
2015; Ravasi et al. 2016). The main assumption is that, in addition to R∪C(xR,x, ω), an esti-
mate of the direct arrival of F+
1,A(x,x
′, ω) is available. The Marchenko method uses causal-
ity arguments to separate the Green’s functions from the focusing functions in the left-
hand sides of the time-domain versions of equations (27) and (28). The multidimensional
Marchenko method also holds for the elastodynamic case, except that in this case an estimate
of the direct arrival plus the forward scattered events of F+
1,A(x,x
′, ω) needs to be available
(Wapenaar & Slob 2014).
For the situation that the earth’s surface is a free surface, equations (27) and (28) have
been modified by Singh et al. (2017), to account for the surface-related multiple reflections.
In their approach the surface-related multiples are present in the reflection response, but not
in the focusing functions. For the target replacement procedure discussed in this paper it is
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more convenient to use focusing functions that include surface-related multiples. From the
derivation in Appendix A1 it follows that for this situation equation (27) remains valid (with
all quantities now including the surface-related multiples), and that equation (28) needs to be
replaced by
{G+,+C (x
′,xR, ω)}
t − {F+
1,A(xR,x
′, ω) + r∩F−
1,A(xR,x
′, ω)}∗
=
∫
S0
R∪C(xR,x, ω)r
∩{F+
1,A(x,x
′, ω)}∗dx (29)
(with xR just above S0 and x
′ at S1). The set of equations (27) and (29) for the situation
with free surface can be solved in a similar way as the set of equations (27) and (28) for
the situation without free surface. A further discussion of the multidimensional Marchenko
method to resolve F±
1,A(x,x
′, ω) from the reflection response R∪C(xR,x, ω) is beyond the scope
of this paper.
Assuming the focusing functions F+
1,A(x,x
′, ω) and F−
1,A(x,x
′, ω) have been found, we use
these to resolve the responses of medium A. In Appendix A2 we show that the response to
focusing function F+
1,A(x,x
′, ω), when emitted from S0 into medium A, can be quantified as
follows
Iδ(x′′H − x
′
H) =
∫
S0
T+A(x
′′,x, ω)F+
1,A(x,x
′, ω)dx, (30)
for x′ and x′′ at S1, and
F−
1,A(xR,x
′, ω) =
∫
S0
R∪A(xR,x, ω)F
+
1,A(x,x
′, ω)dx, (31)
for xR just above S0 and x
′ at S1. Equation (30) describes the transmission response of
medium A to the focusing function. The response at S1 is a (band-limited) spatial impulse
(consistent with the focusing condition of equation (25)). Equation (31) describes the reflection
response of medium A to the focusing function. The response at S0 is the upgoing part of the
focusing function. Both equations (30) and (31) hold for the situation with or without free
surface just above S0. Inverting these equations yields the transmission response T
+
A(x
′′,x, ω)
(which, according to equation (30) is the inverse of the focusing function F+
1,A(x,x
′, ω)) and
the reflection response R∪A(xR,x, ω) of medium A, the overburden (Figure 4).
To derive the response of medium A from below, we introduce a second focusing function
F−
2,A(x,x
′, ω) in medium A, with or without free surface just above S0 (Figure 5). This time
x′ defines a focal point at boundary S0, i.e., the upper boundary of unit a. Hence, x
′ =
(x′1, x
′
2, x3,0), with x3,0 denoting the depth of S0. The coordinate x is a variable in medium
A. The superscript − refers to the propagation direction at x (which is upgoing in this case).
The focusing function is emitted from all x at S1 into medium A. Due to scattering in the
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inhomogeneous medium and, possibly, at the free surface, it gives rise to a downgoing function
F+
2,A(x,x
′, ω). The focusing conditions for x at S0 can be formulated as
{F−
2,A(x,x
′, ω)}x3=x3,0 = Iδ(xH − x
′
H), (32)
{F+
2,A(x,x
′, ω)}x3=x3,0 = r
∩Iδ(xH − x
′
H), (33)
with x′H = (x
′
1, x
′
2). Equation (32) defines the convergence of F
−
2,A(x,x
′, ω) to the focal point
x′ at S0, whereas equation (33) accounts for the downward reflection of the upgoing focusing
function at S0. This term vanishes when the earth’s surface is transparent. In Appendix A3 we
show that the response to focusing function F−
2,A(x,x
′, ω), when emitted from S1 into medium
A, can be quantified as follows
Iδ(x′′H − x
′
H) =
∫
S1
T−A(x
′′,x, ω)F−
2,A(x,x
′, ω)dx, (34)
for x′ and x′′ at S0, and
F+
2,A(x
′′,x′, ω) =
∫
S1
R∩A(x
′′,x, ω)F−
2,A(x,x
′, ω)dx, (35)
for x′′ just below S1 and x
′ at S0. Inverting these equations yields the transmission re-
sponse T−A(x
′′,x, ω) (which, according to equation (34) is the inverse of the focusing function
F−
2,A(x,x
′, ω)) and the reflection response R∩A(x
′′,x, ω) of medium A from below (Figure 4).
In Appendix A4 we show that the focusing functions F+
2,A and F
−
2,A are related to the focusing
functions F+
1,A and F
−
1,A, according to
F+
1,A(x
′′,x′, ω) = {F−
2,A(x
′,x′′, ω)}t, (36)
and
F−
1,A(x
′′,x′, ω) = −{F+
2,A(x
′,x′′, ω)}† (37)
(with x′′ at S0 and x
′ at S1) for the situation that the earth’s surface is transparent. For the
situation that the earth’s surface is a free surface, equation (36) remains valid, and equation
(37) needs to be replaced by
(r∩)∗F+
1,A(x
′′,x′, ω) = {F+
2,A(x
′,x′′, ω)}† (38)
(with x′′ at S0 and x
′ at S1).
Next we discuss how to obtain the response of unit c, the underburden, from R∪C . We con-
sider again equations (27) and (28) (or (29)), this time with x′ at S2 and F
±
1,A(x,x
′, ω) replaced
by F±
1,B(x,x
′, ω). The focusing functions in medium B can be obtained from the reflection
response R∪C(xR,x, ω), using the multidimensional Marchenko method outlined above, under
the same assumptions. Once these focusing functions have been found, they can be substi-
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tuted into equations (27) and (28) (or (29)), yielding the Green’s functions G±,+C (x
′,xR, ω),
with xR just above S0 and x
′ at S2. Analogous to equation (20), these Green’s function are
mutually related via
G
−,+
C (x
′,xR, ω) =
∫
S2
R∪c (x
′,x, ω)G+,+C (x,xR, ω)dx. (39)
Inversion of equation (39) yields the reflection response R∪c (x
′,x, ω) for x and x′ at S2 (Figure
4).
We summarise the steps discussed in this section. Starting with the reflection response of
the entire medium, R∪C(xR,x, ω), use the Marchenko method to derive the focusing func-
tions F±
1,A(x,x
′, ω) and F±
2,A(x,x
′, ω) for medium A. Resolve the responses of the over-
burden, T+A(x
′′,x, ω), R∪A(xR,x, ω), T
−
A(x
′′,x, ω) and R∩A(x
′′,x, ω), by inverting equations
(30), (31), (34) and (35). Next, use the Marchenko method to derive the Green’s functions
G
±,+
C (x
′,xR, ω), for x
′ at S2. Resolve the reflection response of the underburden,R
∪
c (x
′,x, ω),
by inverting equation (39). The resolved responses are free of an imprint of unit b, the target
zone.
4 INSERTING A NEW TARGET ZONE INTO THE REFLECTION
RESPONSE
Given the retrieved responses of the overburden (medium A) and underburden (unit c) and
a model of the changed target zone (unit b¯), our aim is to obtain the reflection response
R∪
C¯
(xR,xS , ω) of the entire medium with the new target zone (medium C¯). The procedure
starts by numerically modelling the reflection and transmission responses of the new target
zone, R∪
b¯
(x′,x, ω) and T+
b¯
(x′,x, ω) (Figure 4). Next, the response R∪
C¯
(xR,xS , ω) is built up
step by step, using equation (24) as the underlying representation. Analogous to equations
(21) and (22), we rewrite equation (24) as a cascade of two representations, as follows
R∪
B¯
(xR,xS , ω) = R
∪
A(xR,xS , ω) (40)
+
∫
S1
∫
S1
T−A(xR,x
′, ω)R∪
b¯
(x′,x, ω)G+,+
B¯
(x,xS , ω)dxdx
′,
followed by
R∪
C¯
(xR,xS , ω) = R
∪
B¯
(xR,xS , ω) (41)
+
∫
S2
∫
S2
T−
B¯
(xR,x
′, ω)R∪c (x
′,x, ω)G+,+
C¯
(x,xS , ω)dxdx
′,
for xS and xR just above S0. Quantities in these representations that still need to be deter-
mined are G+,+
B¯
(x,xS , ω), G
+,+
C¯
(x,xS , ω) and T
−
B¯
(xR,x
′, ω).
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In Appendix B1 we derive the following equation for the unknown G+,+
B¯
(x,xS , ω)
T+A(x
′′,xS , ω) =
∫
S1
CAb¯(x
′′,x, ω)G+,+
B¯
(x,xS , ω)dx, (42)
with
CAb¯(x
′′,x, ω) = Iδ(x′′H − xH) (43)
−
∫
S1
R∩A(x
′′,x′, ω)R∪
b¯
(x′,x, ω)dx′,
for xS just above S0, and x and x
′′ at S1. Since T
+
A, R
∩
A and R
∪
b¯
are known, G+,+
B¯
(x,xS , ω)
can be resolved by inverting equation (42). Substituting this into equation (40), together with
the other quantities that are already known, yields R∪
B¯
(xR,xS , ω).
Similarly G+,+
C¯
(x,xS , ω) can be resolved by inverting
T+
B¯
(x′′,xS , ω) =
∫
S2
CB¯c(x
′′,x, ω)G+,+
C¯
(x,xS , ω)dx, (44)
with
CB¯c(x
′′,x, ω) = Iδ(x′′H − xH) (45)
−
∫
S2
R∩
B¯
(x′′,x′, ω)R∪c (x
′,x, ω)dx′,
for xS just above S0, and x and x
′′ at S2. This requires expressions for T
+
B¯
(x′′,xS , ω) and
R∩
B¯
(x′′,x′, ω).
In Appendix B2 we derive the following representation for T+
B¯
(x′′,xS , ω)
T+
B¯
(x′′,xS , ω) =
∫
S1
T+
b¯
(x′′,x, ω)G+,+
B¯
(x,xS , ω)dx, (46)
for xS just above S0 and x
′′ at S2. Note that T
−
B¯
(xR,x
′, ω), needed in equation (41), follows
by applying equation (18).
In Appendix B3 we derive the following equation for the unknown R∩
B¯
(x,x′, ω)∫
S2
{T−
B¯
(xS ,x, ω)}
∗R∩
B¯
(x,x′, ω)dx =
−
∫
S0
{R∪
B¯
(xS ,x, ω)}
∗T−
B¯
(x,x′, ω)dx, (47)
(with xS just above S0 and x
′ at S2) for the situation that the earth’s surface is transparent.
For the situation that the earth’s surface is a free surface, this equation needs to be replaced
by ∫
S2
{T−
B¯
(xS ,x, ω)}
∗R∩
B¯
(x,x′, ω)dx = r∩T−
B¯
(xS ,x
′, ω) (48)
(with xS just above S0 and x
′ at S2). Since R
∪
B¯
and T−
B¯
are known, R∩
B¯
(x,x′, ω) can be
resolved by inverting either equation (47) or (48).
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S1
S2
Unit a
Unit b
Unit c
2000m/s
1000m/s
2000m/s
4000m/s
2000m/s
4000m/s
2000m/s
reservoir
400m
800m
1200m
1400m
2000m
2200m
S0
Figure 6. Horizontally layered medium, with the three units indicated. The earth’s surface is con-
sidered transparent.
We summarise the steps discussed in this section. Starting with a model of the new
target zone, determine its responses R∪
b¯
(x′,x, ω) and T+
b¯
(x′,x, ω) by numerical modelling.
Next, resolve the Green’s function of medium B¯, G+,+
B¯
(x,xS , ω), by inverting equation (42).
Substitute this, together with R∪
b¯
(x′,x, ω), into equation (40), which yields the reflection
response of medium B¯, R∪
B¯
(xR,xS , ω). Resolve R
∩
B¯
(x,x′, ω) by inverting equation (47) or
(48). Substitute this into equation (45) and, subsequently, substitute the result CB¯c(x
′′,x, ω)
into equation (44). ResolveG+,+
C¯
(x,xS , ω) by inverting equation (44). Substitute this, together
with the other quantities that are already known, into equation (41), which yields the sought
reflection response R∪
C¯
(xR,xS , ω).
5 NUMERICAL EXAMPLE
We illustrate the proposed method with a numerical example. For simplicity we consider the
acoustic plane-wave response of a horizontally layered medium, without free surface (which
is the situation after surface-related multiple elimination). Figure 6 shows the horizontally
layered medium. The velocities are given in m/s, and the depth of the interfaces (denoted
by the solid lines) in m. To emphasise internal multiples, the mass densities are given the
same numerical values as the propagation velocities. The layer between 1200 m and 1400 m
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Figure 7. Removal of the target-zone response, using the Marchenko method. (a) Response of the
entire medium (input). (b) Response of medium A, the overburden (output). (c) Response of unit c,
the underburden (output).
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Figure 8. Insertion of the new target zone into the reflection response. (a) Numerically modelled
response of the new target zone. (b) Reflection response at the surface, obtained with the representations
of equations (40) and (41). (c) Difference between the reflection response of Figure 8(b) and the directly
modelled version of this response.
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Figure 9. Comparison of the reflection responses before and after the changes in the target zone. (a)
Original response of the entire medium (from Figure 7(a)). (b) Predicted reflection response of the
changed medium (from Figure 8(b)). (c) Difference between these responses.
represents a producing reservoir (hence, this is the layer in which changes will take place).
The target zone (unit b) includes this reservoir layer (the remainder of the target zone will,
however, not undergo any changes). Figure 7(a) shows the plane-wave reflection response R∪C
at S0 in the time domain, convolved with a Ricker wavelet with a central frequency of 50 Hz.
The reflections from the top and bottom of the reservoir are indicated.
Following the procedure discussed in section 3, we remove the response of the target zone
from the reflection response R∪C . The overburden response R
∪
A, resolved from equation (31),
is shown in the time domain in Figure 7(b). Note that it contains the first two events of R∪C
and a coda due to the internal multiples in the low-velocity layer in the overburden. The
underburden response R∪c , resolved from equation (39), is shown in Figure 7(c). For display
purposes it has been shifted in time, so that the travel times correspond with those in Figure
7(a).
Next, the velocity in the reservoir is changed from 4000 m/s to 3000 m/s (and a similar
change is applied to the mass density). Following the procedure discussed in section 4, we
first model the response of the new target zone, R∪
b¯
. This is shown in Figure 8(a). For display
purposes it has been shifted in time, so that the travel times correspond with those in Figure
7(a). The new reflection response at the surface, R∪
C¯
, obtained with the representations of
equations (40) and (41), is shown in the time domain in Figure 8(b). The difference with the
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directly modelled version of this response is shown in Figure 8(c). This confirms that the new
reflection response R∪
C¯
has been very accurately predicted by the proposed method.
Figure 9 shows a comparison of the reflection responses before and after the changes in
the target zone, R∪C and R
∪
C¯
. The difference of these responses is shown in Figure 9(c). Note
the significant multiple train following the difference response of the reservoir layer.
6 CONCLUSIONS
We have proposed an efficient two-step process to replace the response of a target zone in a
reflection response at the earth’s surface. In the first step, the response of the original target
zone is removed from the reflection response, using the Marchenko method. In the second
step, the modelled response of a new target zone is inserted between the overburden and
underburden responses. The method fully accounts for all orders of multiple scattering and,
in the elastodynamic case, for wave conversion. It can be employed to predict the time-lapse
reflection response for a range of target-zone scenarios. For this purpose, the first step needs
to be carried out only once. Only the second step needs to be repeated for each target-
zone model. Since the target zone covers only a small part of the entire medium, repeated
modelling of the target-zone response (and inserting it each time between the same overburden
and underburden responses) is a much more efficient process than repeated modelling of the
entire reflection response. This method may therefore find applications in time-lapse full wave
form inversion. Since all multiples are taken into account, the coda following the response of
the target zone may be employed in the inversion. Because of the high sensitivity of the coda
for changes in the medium (Snieder et al. 2002), this may ultimately improve the resolution
of the inverted time-lapse changes. Finally, when parts of the overburden and/or underburden
also change during a time-lapse experiment, these changes can be accounted for in a similar
way as those in the target zone, but this will of course have a limiting effect on the efficiency
gain.
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APPENDIX A: DERIVATIONS FOR SECTION 3
A1 Representations for Marchenko method
Table A.1: Quantities to derive Marchenko representations.
State A: State B:
Medium C Medium A
Source at xR just above S0 Focus at x
′ at S1
S0 p
+
A(x, ω)→ Iδ(xH − xH,R) p
+
B(x, ω)→ F
+
1,A(x,x
′, ω)
+r∩R∪C(x,xR, ω) +r
∩F−
1,A(x,x
′, ω)
p−A(x, ω)→ R
∪
C(x,xR, ω) p
−
B(x, ω)→ F
−
1,A(x,x
′, ω)
S1 p
+
A(x, ω)→ G
+,+
C (x,xR, ω) p
+
B(x, ω)→ Iδ(xH − x
′
H)
p−A(x, ω)→ G
−,+
C (x,xR, ω) p
−
B(x, ω)→ O
We derive relations between R∪C , F
±
1,A and G
−,±
C . State A in Table A.1 is defined in a similar
way as state B in Table 1, except that here we consider medium C, and we choose a source at
xR, just above S0. State B in Table A.1 represents the focusing function, which is defined in
medium A. At S0, the downgoing field consists of the emitted focusing function F
+
1,A(x,x
′, ω),
plus the downward reflected upgoing part of the focusing function. The latter term vanishes
when the earth’s surface is transparent. The upgoing field at S0 is given by the upgoing part
of the focusing function. The quantities at S1 in state B represent the focusing conditions,
formulated by equations (25) and (26).
We substitute the quantities of Table A.1 into equation (1). Using equations (10) and (15),
setting m = 0 and n = 1, this gives
{G−,+C (x
′,xR, ω)}
t + F−
1,A(xR,x
′, ω)
=
∫
S0
R∪C(xR,x, ω)F
+
1,A(x,x
′, ω)dx, (A.1)
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for xR just above S0 and x
′ at S1. Next, we substitute the quantities of Table A.1 into equation
(2). Using equations (10) and (15), setting m = 0 and n = 1, this gives
{G+,+C (x
′,xR, ω)}
t − {F+
1,A(xR,x
′, ω) + r∩F−
1,A(xR,x
′, ω)}∗
=
∫
S0
R∪C(xR,x, ω)r
∩{F+
1,A(x,x
′, ω)}∗dx
−
∫
S0
R∪C(xR,x, ω){I − (r
∩)†r∩}∗{F−
1,A(x,x
′, ω)}∗dx, (A.2)
for xR just above S0 and x
′ at S1. Equations (A.1) and (A.2) hold for the situation with or
without free surface just above S0. Equation (A.2) can be further simplified for each of these
situations. For the situation without free surface, with r∩ = O, equation (A.2) becomes
{G+,+C (x
′,xR, ω)}
t − {F+
1,A(xR,x
′, ω)}∗
= −
∫
S0
R∪C(xR,x, ω){F
−
1,A(x,x
′, ω)}∗dx. (A.3)
On the other hand, for the situation with free surface, with (r∩)†r∩ = I (equation (16)), we
obtain
{G+,+C (x
′,xR, ω)}
t − {F+
1,A(xR,x
′, ω) + r∩F−
1,A(xR,x
′, ω)}∗
=
∫
S0
R∪C(xR,x, ω)r
∩{F+
1,A(x,x
′, ω)}∗dx. (A.4)
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A2 Response to the focusing function F+
1,A
Table A.2: Quantities to derive the response to F+
1,A.
State A: State B:
Medium A Medium A
Source at x′′ just below S1 Focus at x
′ at S1
S0 p
+
A(x, ω)→ r
∩T−A(x,x
′′, ω) p+B(x, ω)→ F
+
1,A(x,x
′, ω)
+r∩F−
1,A(x,x
′, ω)
p−A(x, ω)→ T
−
A(x,x
′′, ω) p−B(x, ω)→ F
−
1,A(x,x
′, ω)
S1 p
+
A(x, ω)→ R
∩
A(x,x
′′, ω) p+B(x, ω)→ Iδ(xH − x
′
H)
p−A(x, ω)→ Iδ(xH − x
′′
H) p
−
B(x, ω)→ O
We derive the response to the focusing function F+
1,A(x,x
′, ω), when emitted into medium
A from above. For state A in Table A.2 we place a source in medium A at x′′, just below
S1. The flux-normalised upgoing field at S1 is the delta function Iδ(xH − x
′′
H
), with its a
singularity vertically above the source. There are no other contributions to this upgoing field
because the medium below S1 is homogeneous. The downgoing field at S1 is the reflection
response of medium A from below, R∩A(x,x
′′, ω). At S0, the upgoing field is the transmission
responseT−A(x,x
′′, ω) and the downgoing field is given by the downward reflected transmission
response. The latter vanishes when the earth’s surface is transparent. For state B we choose
the same focusing function as in Table A.1. We substitute the quantities of Table A.2 into
equation (1). Using equations (15) and (18), setting m = 0 and n = 1, this gives
Iδ(x′′H − x
′
H) =
∫
S0
T+A(x
′′,x, ω)F+
1,A(x,x
′, ω)dx, (A.5)
for x′ at S1 and x
′′ just below S1. Since S1 is transparent, x
′′ may just as well be chosen at
S1.
To derive the reflection response to the focusing function F+
1,A, we combine state A of
Table 1 with state B of Table A.2. Substitution of these quantities into equation (1), using
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equations (10) and (15), setting m = 0 and n = 1, gives
F−
1,A(xR,x
′, ω) =
∫
S0
R∪A(xR,x, ω)F
+
1,A(x,x
′, ω)dx, (A.6)
for xR just above S0 and x
′ at S1.
A3 Response to the focusing function F−
2,A
Table A.3: Quantities to derive the response to F−
2,A.
State A: State B:
Medium A Medium A
Source at x′′ just above S0 Focus at x
′ at S0
S0 p
+
A(x, ω)→ Iδ(xH − x
′′
H) p
+
B(x, ω)→ r
∩Iδ(xH − x
′
H)
+r∩R∪A(x,x
′′, ω)
p−A(x, ω)→ R
∪
A(x,x
′′, ω) p−B(x, ω)→ Iδ(xH − x
′
H)
S1 p
+
A(x, ω)→ T
+
A(x,x
′′, ω) p+B(x, ω)→ F
+
2,A(x,x
′, ω)
p−A(x, ω)→ O p
−
B(x, ω)→ F
−
2,A(x,x
′, ω)
We derive the response to the focusing function F−
2,A(x,x
′, ω), when emitted into medium A
from below. For state A in Table A.3 we place a source in medium A at x′′, just above S0.
This needs no further explanation, because this is very similar to state A in Table 1. State
B represents the focusing function, which is defined in medium A. At S1, the upgoing field
is given by the emitted focusing function F−
2,A(x,x
′, ω). There are no other contributions to
this upgoing field because the medium below S1 is homogeneous. The downgoing field at S1 is
given by the downgoing part of the focusing function. The quantities at S0 in state B represent
the focusing conditions, formulated by equations (32) and (33).
We substitute the quantities of Table A.3 into equation (1). Using equations (15) and (18),
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setting m = 0 and n = 1, this gives
Iδ(x′′H − x
′
H) =
∫
S1
T−A(x
′′,x, ω)F−
2,A(x,x
′, ω)dx, (A.7)
for x′ at S0 and x
′′ just above S0. Since S0 is transparent, x
′′ may just as well be chosen at
S0.
To derive the reflection response to the focusing function F−
2,A, we combine state A of
Table A.2 with state B of Table A.3. Substitution of these quantities into equation (1), using
equations (11) and (15), setting m = 0 and n = 1, gives
F+
2,A(x
′′,x′, ω) =
∫
S1
R∩A(x
′′,x, ω)F−
2,A(x,x
′, ω)dx, (A.8)
for x′ at S0 and x
′′ just below S1.
A4 Relations between F±
1,A and F
±
2,A
To derive the relations between F±
1,A and F
±
2,A, we take for state A the quantities defined in
Table A.3 for state B and replace x′ by x′′. For state B we take the quantities defined in
Table A.2 for state B. Substitution of these quantities into equation (1), using equation (15),
setting m = 0 and n = 1, gives
F+
1,A(x
′′,x′, ω) = {F−
2,A(x
′,x′′, ω)}t, (A.9)
for x′′ at S0 and x
′ at S1. Substituting the same quantities into equation (2), using equation
(15), setting m = 0 and n = 1, gives
{I − (r∩)†r∩}F−
1,A(x
′′,x′, ω)− (r∩)∗F+
1,A(x
′′,x′, ω)
= −{F+
2,A(x
′,x′′, ω)}†. (A.10)
Equations (A.9) and (A.10) hold for the situation with or without free surface just above
S0. Equation (A.10) can be further simplified for each of these situations. For the situation
without free surface, with r∩ = O, equation (A.10) becomes
F−
1,A(x
′′,x′, ω) = −{F+
2,A(x
′,x′′, ω)}†. (A.11)
On the other hand, for the situation with free surface, with (r∩)†r∩ = I (equation (16)), we
obtain
(r∩)∗F+
1,A(x
′′,x′, ω) = {F+
2,A(x
′,x′′, ω)}†. (A.12)
Using equation (A.9) this gives the following symmetry relation for F±
2,A
(r∩)∗{F−
2,A(x
′,x′′, ω)}t = {F+
2,A(x
′,x′′, ω)}†. (A.13)
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APPENDIX B: DERIVATIONS FOR SECTION 4
B1 Equation for G
+,+
B¯
(x,xS , ω)
To derive an equation for G+,+
B¯
(x,xS , ω), we take for state A the quantities defined in Table
A.2 for state A. For state B we take the quantities defined in Table 1 for state B and replace
subscripts B by B¯. Substitution of these quantities into equation (1), using equations (11),
(15) and (18), setting m = 0 and n = 1, gives
T+A(x
′′,xS , ω) = G
+,+
B¯
(x′′,xS , ω) (B.1)
−
∫
S1
R∩A(x
′′,x, ω)G−,+
B¯
(x,xS , ω)dx,
for xS just above S0 and x
′′ just below S1. Since S1 is transparent, x
′′ may just as well be
chosen at S1. Next, we replace the integration variable x by x
′ and substitute equation (20),
with subscripts B and b replaced by B¯ and b¯, into the right-hand side of equation (B.1). This
gives
T+A(x
′′,xS , ω) = G
+,+
B¯
(x′′,xS , ω) (B.2)
−
∫
S1
∫
S1
R∩A(x
′′,x′, ω)R∪
b¯
(x′,x, ω)G+,+
B¯
(x,xS , ω)dxdx
′,
for xS just above S0 and x
′′ at S1. We can rewrite this as
T+A(x
′′,xS , ω) =
∫
S1
CAb¯(x
′′,x, ω)G+,+
B¯
(x,xS , ω)dx, (B.3)
with
CAb¯(x
′′,x, ω) = Iδ(x′′H − xH) (B.4)
−
∫
S1
R∩A(x
′′,x′, ω)R∪
b¯
(x′,x, ω)dx′,
for x and x′′ at S1.
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B2 Representation for T+
B¯
(x′′,xS , ω)
Table B.1:Quantities to derive representation for T+
B¯
(x′′,xS , ω).
State A: State B:
Medium b¯ Medium B¯
Source at x′′ just below S2 Source at xS just above S0
S1 p
+
A(x, ω)→ O p
+
B(x, ω)→ G
+,+
B¯
(x,xS , ω)
p−A(x, ω)→ T
−
b¯
(x,x′′, ω) p−B(x, ω)→ G
−,+
B¯
(x,xS , ω)
S2 p
+
A(x, ω)→ R
∩
b¯
(x,x′′, ω) p+B(x, ω)→ T
+
B¯
(x,xS , ω)
p−A(x, ω)→ Iδ(xH − x
′′
H) p
−
B(x, ω)→ O
We derive a representation forT+
B¯
(x′′,xS , ω), in terms of the Green’s functionG
+,+
B¯
(x,xS , ω)
and the transmission response of unit b¯, T+
b¯
(x′′,x, ω). Substituting the quantities of Table B.1
into equation (1), using equation (18), setting m = 1 and n = 2, gives
T+
B¯
(x′′,xS , ω) =
∫
S1
T+
b¯
(x′′,x, ω)G+,+
B¯
(x,xS , ω)dx, (B.5)
for xS just above S0 and x
′′ just below S2. Since S2 is transparent, x
′′ may just as well be
chosen at S2.
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B3 Equation for R∩
B¯
(x,x′, ω)
Table B.2: Quantities to derive equation for R∩
B¯
(x,x′, ω).
State A: State B:
Medium B¯ Medium B¯
Source at xS just above S0 Source at x
′ just below S2
S0 p
+
A(x, ω)→ Iδ(xH − xH,S) p
+
B(x, ω)→ r
∩T−
B¯
(x,x′, ω)
+r∩R∪
B¯
(x,xS , ω)
p−A(x, ω)→ R
∪
B¯
(x,xS , ω) p
−
B(x, ω)→ T
−
B¯
(x,x′, ω)
S2 p
+
A(x, ω)→ T
+
B¯
(x,xS , ω) p
+
B(x, ω)→ R
∩
B¯
(x,x′, ω)
p−A(x, ω)→ O p
−
B(x, ω)→ Iδ(xH − x
′
H)
We derive an equation for R∩
B¯
(x,x′, ω). Substituting quantities of Table B.2 into equation (2),
using equations (10) and (18), setting m = 0 and n = 2, gives∫
S2
{T−
B¯
(xS ,x, ω)}
∗R∩
B¯
(x,x′, ω)dx = r∩T−
B¯
(xS ,x
′, ω)
−
∫
S0
{R∪
B¯
(xS ,x, ω)}
∗{I− (r∩)†r∩}T−
B¯
(x,x′, ω)dx, (B.6)
for xS just above S0 and x
′ just below S2. Since S2 is transparent, x
′ may just as well be
chosen at S2. For the situation without free surface, with r
∩ = O, this gives∫
S2
{T−
B¯
(xS ,x, ω)}
∗R∩
B¯
(x,x′, ω)dx =
−
∫
S0
{R∪
B¯
(xS ,x, ω)}
∗T−
B¯
(x,x′, ω)dx. (B.7)
On the other hand, for the situation with free surface, with (r∩)†r∩ = I (equation 16), we
obtain ∫
S2
{T−
B¯
(xS ,x, ω)}
∗R∩
B¯
(x,x′, ω)dx = r∩T−
B¯
(xS ,x
′, ω). (B.8)
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